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ABSTRACT
We consider Shiraishi’s metrics on the moduli space of extreme black holes.
We interpret the simplification in the pattern of N-body interactions that he ob-
served in terms of the recent picture of black holes in four and five dimensions
as composites, made up of intersecting branes. We then show that the geome-
try of the moduli space of a class of black holes in five and nine dimensions is
hyper-Ka¨hler with torsion, and octonionic-Ka¨hler with torsion, respectively. For
this, we examine the geometry of point particle models with extended world-line
supersymmetry and show that both of the above geometries arise naturally in this
context. In addition, we construct a large class of hyper-Ka¨hler with torsion and
octonionic-Ka¨hler with torsion geometries in various dimensions. We also present
a brane interpretation of our results.
1. Introduction
Recent years have seen great progress in our understanding of string-theory and
M-theory by considering the non-perturbative effects of classical solutions of the
associated low energy supergravity theories representing p-branes. Supersymmetric
(i.e. BPS) solutions describing k parallel or intersecting p-branes typically depend
on a number of harmonic functions on an n-dimensional Euclidean or conformally
Euclidean transverse space. In the simplest case of just one harmonic function H
on En, H is taken to be one plus a sum of simple isolated poles located at positions
xi ∈ En.
H = 1 +
k∑
i=1
µi
(n− 2)|x− xi|n−2 (1.1)
The residues, µ
n−2 , of the poles are fixed by quantization conditions but the loca-
tions may be freely specified and so, if the p-branes are distinct, the moduli space
Mk of such solutions is the configuration space of k particles moving on En, that
is C˜k(E
n) ≡ (En)k\∆ where ∆ is the diagonal set when two or more positions
coincide. If the p-branes are identical, one should quotient by Sk, the permutation
group on k letters, to obtain Ck(E
n) = C˜k(E
n)/Sk, but for the time being we shall
ignore this point and shall always work on the covering space C˜k(E
n). If n > 2,
which is the case we are mainly interested in, this covering space is simply con-
nected. If more than one harmonic function is involved, the moduli space will still
be C˜k(E
n) but now one must include the poles of all the harmonic functions; k in
this case is the number of different poles of all harmonic functions.
The metrics on the moduli spaces associated with extreme black holes have
been known for sometime [1, 2, 3, 4, 5] but as yet their geometric significance has
been obscure. The interactions of the black holes depend on the ‘dilaton’ coupling
a (whose precise definition is in the next section). One of Shiraishi’s observa-
tions was that although in general there are N-body interactions with arbitrary
N, these simplify in the special cases a = 0, 1/
√
3, 1,
√
3 in four dimensions, and
in the special cases a = 0, 1, 2 in five dimensions. Moreover in the case a = 1 in
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all dimensions the metric dramatically simplifies and gives rise to just two-body
interactions. In this paper, we give an interpretation of these observations using
the recent picture of black holes as composites made up of intersecting branes [6].
The simplification in the a = 1 case arises because the solutions preserve 1/4 of
maximal (eleven-dimensional) rigid supersymmetry. Another result of this paper
is to show that the moduli space of five-dimensional (n = 4) a = 1 BPS black
holes is a hyper-Ka¨hler manifold with torsion (HKT) and that the moduli space of
a class of nine-dimensional (n = 8) a = 1 BPS black holes is an octonionic-Ka¨hler
manifold with torsion (OKT). The relevance of torsion in black hole moduli spaces
was first pointed out in [7].
The HKT geometry has been found in the context of two-dimensional (4,0) su-
persymmetric sigma models and it is a generalisation of the hyper-Ka¨hler geometry
[9, 8]. There is a close relation between hyper-Ka¨hler and HKT geometries. For
example, both admit a twistor construction and they can be reconstructed from
data on their twistor spaces [10,11].
The OKT geometry will be found in the context of one-dimensional N=8 su-
persymmetric sigma models, i.e. of N=8 supersymmetric particle mechanics. The
underlying algebraic structure of this geometry is that of the octonions. There
is some similarity of this geometry to that of the octonionic string [12, 13, 14]
and octonionic membrane [15] solutions of supergravity theories but we have not
managed to establish a direct relation.
Our investigation of the geometry of the moduli space of black holes is guided
by the relation between the number of supersymmetries of a sigma model and
the geometry of its target space [16, 17, 9, 8]. For this we shall summarize the
results of [18] on the geometry of one-dimensional N=1 supersymmetric sigma
models. Then we shall examine the target space geometry of one-dimensional
sigma models with extended supersymmetry generalizing some of the conditions
found in [18]. In addition, we shall identify the geometry of the target space of a
class of one-dimensional sigma models with eight supersymmetries as that of OKT
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geometry.
We shall also present a brane interpretation of our results. Following [6], we
shall show that the black-hole solutions that we investigate have a ten-dimensional
interpretation. In particular, the five-dimensional black hole solution can be lifted
to the ten-dimensional solution of IIB supergravity having the interpretation of two
three branes intersecting on a string, and the nine-dimensional black hole can be
lifted to the ten-dimensional solution of IIA supergravity having the interpretation
of a wave on a string. Then, using the ten-dimensional solutions, we shall specify
the one-dimensional supersymmetry multiplet that describes the sector of the ef-
fective theory of the black holes that is related to the geometry of the associated
moduli spaces.
This paper is organised as follows: in section two, we summarise the results
of Shiraishi on the metrics on higher-dimensional black hole moduli spaces and
then we explain some of his conclusions, using the fact that some of black hole
solutions can be thought of as composite objects. In section 3, we investigate the
various geometries that arise in the context of one-dimensional supersymmetric
sigma models and define the OKT geometry. In section 4, we construct a number
of examples of HKT geometries and show that the moduli space of a class of five-
dimensional black holes is an HKT manifold. In section 5, we construct a number
of examples of OKT geometries and show that the moduli space of a class of eight-
dimensional black holes is an OKT manifold. In section 6, we use the interpretation
of these black holes as intersecting-brane solutions of ten-dimensional supergravity
theories to determine the nature of their effective theory. In section 7, we examine
some of the brane probe geometries that arise in the context of five-dimensional
black holes. In section 8, we remark on the structure of the geodesics of the HKT
and OKT geometries that we have found and discuss the quantum behaviour of
these metrics. In addition, we comment on the moduli spaces of other black hole
solutions in various dimensions. Finally we include an appendix in which we present
some results on harmonic forms and harmonic spinors on our moduli spaces.
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2. Shiraishi metrics
The slow motion of parallel p-branes is expected to give rise to a classical
particle motion on Mk and, quantum mechanically, to the quantization of that
classical system. In a supersymmetric theory the classical system is extended to
that of a supersymmetric spinning particle. The simplest action for the bosonic
part of the system is based on geodesic motion with respect to an appropriate
Riemannian metric gαβ on Mk, but more elaborate possibilities could also be
envisaged.
Rather than consider the motion of p-branes in p+1+n spacetime dimensions
one may, in view of the invariance of the setup under the action of Rp acting as
translations on the p-brane world volume, dimensionally reduce and consider the
equivalent problem of particles, i.e. 0−branes, moving in n + 1 spacetime dimen-
sions. In the case that only one harmonic function is involved one may, possibly by
making suitable duality transformations, regard the particles as carrying an elec-
tric charge associated to an abelian 2-form F and also interacting via the exchange
of a massless scalar φ . If more than one harmonic function is involved then, in
some cases, one needs to consider more than one 2-from and more than one scalar.
In the simple case of one harmonic function the equivalent Lagrangian in n+1
dimensions is
R− 4
n− 1(∇φ)
2 − e− 4an−1φF 2 (2.1)
The solutions are given by
ds2 = −H− 2(n−2)n−2+a2 dt2 +H 2n−2+a2 dx2 (2.2)
F = ±
√
n− 1
2(n− 2 + a2)d
(dt
H
)
, (2.3)
and
e−
4a
n−1φ = H
2a2
n−2+a2 . (2.4)
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The dimensionless constant a depends upon precisely what objects are being
considered. For the moment we leave it unspecified. Note that
(i) The correspondence between p−branes in p+1+n dimensions and 0-branes
in n+1 dimensions is not one-one. For example two different p−branes may
reduce to give the same solution in n+ 1 spacetime dimensions.
(ii) The solutions in n + 1 dimensions are in general singular. Only the case
a = 0 corresponds to a regular (Reissner-Nordstro¨m-Tangherlini) black hole
with finite event horizon area. In general a solution in higher dimensions,
singular or not, will reduce, in most cases, to a singular solution in n +
1 spacetime dimensions. However, one expects that non-singular solutions
in n + 1 spacetime dimensions will lift to non-singular solutions in higher
dimensions.
One may now compute the metric on Mk directly from the classical theory.
This programme was initiated in [2] by calculating the asymptotic metrics at large
separation in the case n = 3. The exact metric was calculated in the case a = 0
and n = 3 in [4] and the exact metrics for all a and n were worked out by Shiraishi
[1] in terms of an integral over Rn. His result, which includes all previous ones as
special cases, is
ds2 =
k∑
i=1
midx
2
i +
(n− 1)(n− a2)
8π(n− 2 + a2) ×
∫
dnxH
2(1−a2)
n−2+a2 (x)
k∑
i<j
(x− xi).(x− xj)|dxi − dxj |2µiµj
|x− xi|n|x− xj |n ,
(2.5)
where the mass mi of i’th particle is given by
mi =
π
n
2
−1(n− 1)
4(n− 2 + a2)Γ(n2 )
µi , (2.6)
and H is given in (1.1). The normalization of the metric is determined by the
condition that the kinetic energy is 12gαβx˙
αx˙β.
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Shiraishi noticed a number of striking features of his metrics, some of which
had been noticed previously in special cases.
• In general the geodesic motion arises fromN−body velocity-dependent forces
for all values of N . However in special cases the forces simplify.
• If a = 0 and n = 3, there are only 2, 3 and 4 body forces.
• If a = 0 and n = 4, there are only 2 and 3 body forces.
• If a = 1√
3
and n = 3, there are only 2 and 3 body forces.
• If a = 1 for all n, there are only 2-body forces. The asymptotic metric is
exact in this case.
• If a2 = n then the metric is flat and the asymptotic metric is also exact in
this case.
In retrospect these observations may be understood as follows.
In four spacetime dimensions there is a family of regular black hole solutions
depending upon four independent harmonic functions (H1, H2, H3, H4). These
black-hole solutions can be lifted to solutions of eleven-dimensional supergravity
which have the interpretation of intersecting branes preserving 1/8 of the spacetime
supersymmetry [6, 20]. Each harmonic function is associated with a brane involved
in the intersection [20, 21]. We have the following specializations and numbers of
supersymmetries when only one harmonic function is involved:
(i) a = 0 ≡ (H,H,H,H)↔ 4.
(ii) a = 1√
3
≡ (1, H,H,H)↔ 4
(iii) a = 1 ≡ (1, 1, H,H)↔ 8.
(iv) a =
√
3 ≡ (1, 1, 1, H)↔ 16.
The N-body structure of the velocity dependent forces between the black holes
is a reflection of their composite nature. It is rather striking that this reveals itself
in this way. Put another way, by scattering black holes against one-another, one
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could in principle unravel ‘experimentally’ their composite nature, and learn for
example that if a = 1/
√
3 then three basic objects are involved.
In five spacetime dimensions there is a family of regular black hole solutions de-
pending upon three independent harmonic functions (H1, H2, H3) (see [22]). These
black hole solutions again can be lifted to solutions of eleven-dimensional super-
gravity preserving 1/8 of the spacetime supersymmetry which have the interpre-
tation of intersecting branes [6, 20]. Each harmonic function is associated with
a brane involved in the intersection. We have the following specializations and
numbers of supersymmetries when only one harmonic function is involved:
(i) a = 0 ≡ (H,H,H)↔ 4
(ii) a = 1 ≡ (1, H,H)↔ 8
(iii) a =
√
3 ≡ (1, 1, H)↔ 16
The case a2 = n arises if one dimensionally reduces a vacuum pp-wave from
n + 2 spacetime dimensions, the electric charge arising as a Kaluza-Klein charge.
The case n = 3 was noted in [19] and the electromagnetically dual case (Kaluza-
Klein monopoles) directly verified to be flat in [3]. The case n = 4 corresponds
to the motion of parallel five branes and was directly shown to be flat in [5]. The
case n = 9 is the D−particle of type IIA string theory. It is clear that in all these
cases the flatness of the moduli spaces arises as a consequence of the high degree
of supersymmetry, i.e. 16.
One should be able to understand these metrics entirely from the point of view
of supersymmetry. Naively one might have anticipated the following correspon-
dences between the number of supersymmetries preserved by a solution and the
geometry of its moduli space
(i) 4 ≡ Complex or Hyper-complex Geometry.
(ii) 8 ≡ Hyper-complex or “Octonionic” Geometry.
(iii) 16 ≡ Flat Geometry.
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However this immediately raises some puzzles because of the dimensionality,
nk, of the moduli spaces. This may indicate that there are some “missing” moduli
which have not been taken into account.
Let us consider the case a2 = 1. The metric dramatically simplifies to give
ds2 =
∑
i
midxi.dxi +
π
n
2
−1
4(n− 2)Γ(n2 )
k∑
i<j
|dxi − dxj|2µiµj
|xi − xj |n−2 . (2.7)
It has already been observed [23] that if n = 3 the Shiraishi metric coincides
with that on the quotient N4k/T k of the Gibbons-Manton 4k-dimensional Hyper-
Ka¨hler manifold N4k, admitting a triholomorphic T k action, where T k is the k-
dimensional torus group. The Gibbons-Manton metric which is relevant for the
black-hole moduli spaces has the opposite sign for the “mass parameters” from
that relevant for BPS monopoles. The fact that the metric is hyper-Ka¨hler is
consistent with (4, 4) supersymmetry (in the two-dimensional sense) but confirms
the existence of missing moduli which have not yet been precisely identified. We
remark that if a2 = 1 and n = 8, then the metric on the moduli space of two
black holes is similar to that one obtains for the metric on the moduli space of two
heterotic strings studied by Gauntlett et al [24]. However, the latter metric has
“mass parameters” with the opposite sign from those of the former. The effective
theory associated with the heterotic strings has (8, 0) supersymmetry (in the two-
dimensional sense).
The main observations of the present paper concern the cases a = 1, n = 4 and
a = 1, n = 8. If the a = 1, n = 4 solution is lifted up to six spacetime dimensions,
it becomes the completely non-singular self-dual string solution [25]. If it further
is lifted to ten dimensions, it becomes the solution of IIB supergravity with two 3-
branes intersecting on a string, leading to a non-chiral effective theory on the string
with eight real supercharges [26]. One of our claims is that the Shiraishi metric
in this case is an example of what is called Hyper-Ka¨hler Geometry with Torsion
(HKT), which arises in the context of (4,4) supersymmetric two-dimensional sigma
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models. At this stage, the significance of the torsion is not completely clear, but
as we shall see, it appears naturally in the geometry of the target space of both
one- and two-dimensional supersymmetric sigma models. The a = 1, n = 8 solu-
tion lifted to ten dimensions becomes the solution of IIA supergravity having the
interpretation of a wave on a string. This leads to a chiral effective theory on the
string, again with eight real supercharges. Our claim is that the Shiraishi metric
in this case is an example of what we shall call Octonionic Ka¨hler Geometry with
Torsion (OKT). This geometry arises naturally in the context of one-dimensional
supersymmetric sigma models but not in the context of two-dimensional ones.
3. The Supersymmetric Spinning Particle Revisited
The effective action of black holes that preserve a proportion of spacetime
supersymmetry is described by that of a supersymmetric spinning particle propa-
gating in a curved background. The background is determined by the geometry of
the moduli space of black holes. Such an action, up to terms quadratic in veloci-
ties, is that of a one-dimensional supersymmetric sigma model with the black hole
moduli space as target manifold.
It is well known that there is an interplay between the number of supersym-
metries of a supersymmetric sigma model and the geometry of its target space.
Therefore, knowing the amount of supersymmetry preserved by certain solutions
of a supergravity theory, it is possible to impose strong restrictions on the geom-
etry of their moduli space. For supersymmetric sigma models in one dimension,
extended supersymmetry imposes weaker conditions on the geometry of the tar-
get space than the same amount of supersymmetry in dimensions two or higher.
This is mainly due to the fact that more couplings amongst the fields are possible
in one dimension, which in higher dimensions are ruled out by the world-volume
Lorentz invariance. Therefore new geometries can arise on the target space of one-
dimensional supersymmetric sigma models which do not have a direct analogue in
supersymmetric sigma models with world-volume dimensions more than one. Since
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we are mainly concerned with the applications of sigma models to black hole mod-
uli spaces, we shall describe the relation between the number of supersymmetries
in one-dimensional sigma models and the geometry of their target spaces. For this,
we shall begin with a summary of some of the results of [18] on one-dimensional
N=1 supersymmetric sigma models. Then we shall describe the models with ex-
tended supersymmetry generalizing some of the conditions found in [18]. For the
relation between the number of supersymmetries in two-dimensional sigma models
and the geometry of their target spaces see [17,8].
The supersymmetry algebra in one dimension is
{QI , QJ} = 2δIJH (3.1)
where {QI ; I = 1, . . . , N} are the supersymmetry charges and H is the Hamilto-
nian. In the following we shall describe the cases N = 1, 2, 4 and 8.
3.1. N=1 one-dimensional supersymmetry
The simplest case is that of N=1 supersymmetric sigma models, which have one
real supercharge Q. There are several realisations of N=1 supersymmetry in one
dimension. For the purpose of this paper it will suffice to consider a special case of
[18] that consists of a multiplet with a real scalar X and its real fermionic partner
λ. This is because this sector of the theory determines the geometry (metric and
complex structures) of the moduli space
⋆
. To describe the geometry associated
with the multiplet (X, λ), let the triplet
(M, g, c) be a Riemannian manifold M
with metric g and a 3-form c. The action of such a model is
I =
1
2
∫
dt
(
gij
d
dt
X i
d
dt
Xj + igijλ
i∇(+)t λj −
1
3!
∂[icjkl]λ
iλjλkλl
)
(3.2)
whereX are the sigma model fields which are maps from the worldline to a manifold
M and λ are worldline real one component fermions which are sections of the
⋆ Note that for the complete description of the effective theory of a black hole solution the
other sectors in the action of [18] may have to be included.
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bundle X∗TM ⊗ S (S is the spin bundle over the worldline). The covariant
derivative ∇(+)t is the pull back of the target space covariant derivative
∇(+) = ∇ + 1
2
c (3.3)
with respect to the map X , where
Γ(+)ijk = Γ
i
jk +
1
2
cijk , (3.4)
Γ is the Levi-Civita connection of the metric g and the first index of c is raised
with the metric g. Therefore, ∇(+) is a metric connection with torsion c. This is
reminiscent of the situation that arises in (1,0) supersymmetric two-dimensional
sigma models but there is an important difference: the torsion here is not neces-
sarily a closed 3-form. In fact it turns out that if c is closed then the action above
can be obtained by reducing the action of (1,0) supersymmetric two-dimensional
sigma models.
For reasons that will become apparent later, it is convenient to give an alter-
native, but equivalent, description of one-dimensional N=1 sigma models in terms
of superfields. For this, we introduce a real superfield X which is a map from
the (1|1)-dimensional real superspace Ξ(1|1) with coordinates {t; θ} into M with
components
X = X| λ = DX| , (3.5)
where the vertical line denotes the evaluation of the associated expression at θ = 0
and D is the supersymmetry derivative, i.e.
D2 = i
d
dt
. (3.6)
The action (3.2) can now be rewritten in terms of the superfield X as
I = −1
2
∫
dtdθ
(
igijDX
i d
dt
Xj +
1
3!
cijkDX
iDXjDXk
)
. (3.7)
It is clear that this action is manifestly N=1 supersymmetric.
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3.2. N=2 one-dimensional supersymmetry
Next, let us consider N=2 supersymmetric one-dimensional sigma models. As
in the case of N=1 supersymmetry, there are many realizations of N=2 supersym-
metry in one dimension [18]. However here we shall describe two special cases. To
distinguish between them, we shall call the first one N = 2a and the second one
N = 2b. To describe the first realisation, we introduce a real superfield X which is
a map from the real superspace Ξ(1|2) with coordinates {t; θ1, θ2} into the manifold
M. The components of this superfield are
X = X| λ = D1X| ψ = D2X| F = D1D2X| , (3.8)
where λ, ψ are the fermionic partners of the boson X , F is an auxiliary field and
D1, D2 are the supersymmetry derivatives, i.e.
D21 = i
d
dt
, D22 = i
d
dt
, D1D2 +D2D1 = 0 . (3.9)
The most general action of the N = 2a multiplet is
I =
1
2
∫
dt d2θ
(
(g + b)ijD1X
iD2X
j + ℓijD1X
iD1X
j +mijD2X
iD2X
j
)
, (3.10)
where bij , ℓij, mij are two-forms on M. If the couplings ℓ,m vanish, then this
action is the reduction of the usual two-dimensional (1,1)-supersymmetric sigma
model; the couplings ℓ,m correspond to non-Lorentz invariant terms in the two-
dimensional action. In particular, the torsion in this case is a closed three-form of
the sigma model manifold. In what follows we shall assume that the couplings ℓ,m
vanish since they do not enter in the applications to the black hole moduli spaces.
TheN = 2b one-dimensional supersymmetry is associated with a complex chiral
superfield Z. These are most easily described by starting with a real superfield as
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above and by imposing the condition
D2X
i = I ijD1X
j , (3.11)
where I is an endomorphism of the tangent bundle ofM. Consistency of this con-
straint with the differential algebra of the supersymmetry operators (3.9) implies
that
I2 = −1
N(I) = 0
(3.12)
where N(I) is the Nijenhuis tensor of I. Both these conditions imply that the en-
domorphism I is an (integrable) complex structure. Adopting complex coordinates
on M with respect to I, we can write the above constraint as
∆¯Z = 0 , (3.13)
where X = (Z, Z¯) in complex coordinates and ∆ = D2 + iD1. The components of
Z are
Z = Z| λ = ∆Z| , (3.14)
where Z is a complex boson and λ is a complex fermion. This multiplet is associ-
ated with the two-dimensional (2,0) multiplet. We remark that the corresponding
sigma model target space of the N=2b multiplet is a complex manifold, unlike the
sigma model target space of the N=2a multiplet described above which is real one.
To determine the conditions on the couplings of the action (3.7) required by N=2
supersymmetry, we follow [8] and express the second supersymmetry transforma-
tion in terms of the N=1 superfield X as
δX i = η I ijDX
j , (3.15)
where η is the parameter of the transformation. A straightforward computation
14
reveals that the action (3.7) is invariant under this transformation provided
⋆
that
gkℓI
k
iI
ℓ
j = gij
∇(+)
(i
Ikj) = 0
∂[i
(
Imjc|m|kl]
)− 2Im[i∂[mcjkl]] = 0 .
(3.16)
The first condition is the usual hermiticity condition of the metric g with respect
to the complex structure I. An alternative way to write the second condition is
∇(+)i Ijk = ∇(+)[i Ijk] , (3.17)
lowering the index of the complex structure with the metric g. If the torsion c
vanishes, then this condition becomes the Yano tensor condition which has already
appeared in the context of one-dimensional supersymmetric sigma models in [32].
Therefore, the condition (3.17) is a generalisation of the Yano tensor condition
for a connection with torsion. The last condition in (3.16) does not have a direct
geometrical interpretation. For convenience, we shall use the form notation
†
ιIdc− 2
3
dιIc = 0 (3.18)
for this relation, where ιI is the inner derivation with respect to the the complex
structure I.
It is instructive to compare the conditions that we have found on the ge-
ometry of the target space of one-dimensional sigma models with N=2b super-
symmetry with those of two-dimensional sigma models with (2,0) supersymmetry.
The first condition in (3.16) also arises in the context of two-dimensional (2,0)-
supersymmetric sigma models. The last two conditions in (3.16) do not have a
⋆ For another derivation of the invariance of the action conditions see [35].
† Our normalization convention for a p-form, ω, is ω = 1
p!
ωi1...ipdx
i1 ∧ . . . ∧ dxip .
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direct two-dimensional interpretation. In fact in two dimensions, both conditions
are replaced by the covariant constancy condition of I,
∇(+)i Ijk = 0 , (3.19)
with respect to the ∇(+) connection. It turns out this is a much stronger condition
and any solution of the covariant constancy condition solves the last two condi-
tions in (3.16). However the converse is not true. Finally, we remark that it is
straightforward to write an off-shell superfield action for the N=2b multiplet using
the method of [8, 18] but we shall not present it here.
3.3. N=4 one-dimensional supersymmetry
Next, let us turn to investigate the one-dimensional N=4 supersymmetric sigma
models. We shall again describe two special multiplets that we shall call N=4a and
N=4b, respectively. The former is the reduction of the two-dimensional (2,2) su-
persymmetry multiplet and the latter is associated with the two-dimensional (4,0)
supersymmetry multiplet. Since the N=4a multiplet is the reduction of the two-
dimensional (2,2) one, the geometry of the target manifold of the one-dimensional
sigma model in this case is the same as that of the two-dimensional one; we shall
not repeat the analysis here (see for example [8]). The geometry associated with
the N=4b multiplet is not necessarily the hyper-Ka¨hler with torsion (HKT) geome-
try of the two-dimensional (4,0) multiplet. To find the conditions on the geometry
of the target space required by the N=4b multiplet, we use N=1 superfields to
write the extended supersymmetry transformations as
δX i = ηrIr
i
jDX
j (3.20)
where {ηr; r = 1, 2, 3} are the supersymmetry parameters and {Ir; r = 1, 2, 3} are
endomorphisms of the tangent bundle of the sigma model manifold. The conditions
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from the closure of the N=4 supersymmetry algebra are
IrIs + IsIr = −2δrs
N(Ir, Is) = 0
(3.21)
and the conditions from the invariance of the action are
gkℓIr
k
iIr
ℓ
j = gij
∇(+)
(i
Ir
k
j) = 0
ιrdc− 2
3
dιrc = 0 ,
(3.22)
where N(Ir, Is) is the Nijenhuis tensor for the pair of endomorphisms (Ir, Is) (see
for example [27]) and ιr denotes inner derivation with respect to the endomor-
phism Ir. Therefore, the target manifold admits three complex structures which
have vanishing mixed Nijenhuis tensors and obey the algebra of a basis in Cliff(E3)
equipped with a negative definite inner product. In fact, the three complex struc-
tures in this case obey the algebra of imaginary unit quaternions. This is because
if one is given two anticommuting complex structures I1, I2, one can construct a
third one I3 by multiplying the two together, i.e. I3 = I1I2. In addition, the met-
ric is hermitian with respect to all complex structures. The last two conditions in
(3.22) are the analogues of the last two conditions (3.16) but now for each complex
structure.
It is instructive to compare these conditions with those of HKT manifolds
[11]. A weak HKT manifold is a Riemannian manifold {M, g, c} equipped with a
metric g, a three-form c and three complex structures {Ir; r = 1, 2, 3} that obey
the following compatibility conditions:
(i) The complex structures obey the algebra of imaginary unit quaternions
IrIs = −δrs + ǫrstIt , (3.23)
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(ii) the metric is hermitian with respect to all complex structures
gkℓ Ir
k
iIr
ℓ
j = gij (3.24)
(no summation over the index r) and
(iii) the complex structures are covariantly constant with respect to the ∇(+)
covariant derivative
∇(+)k Irij = 0 . (3.25)
If in addition the three-form c is closed, then M has a strong HKT struc-
ture. In the classical theory, the target space of two-dimensional (4,0)-
supersymmetric sigma models has a strong HKT structure
†
.
The main difference between HKT manifolds and those arising in the context
of one-dimensional N=4b supersymmetric sigma models is that the covariant con-
stancy condition of the complex structures in the weak HKT geometry is replaced
by the last two conditions in (3.22). It turns out that the covariant constancy
condition implies those of (3.22). Therefore any weak HKT manifold solves all the
conditions required by N=4b one-dimensional supersymmetry.
We can write a one-dimensional N=4b supersymmetry multiplet in superspace
as
DrX
i = Ir
i
jD0X
j (3.26)
where X i are maps from the superspace Ξ(1|4) with coordinates {t, θ0, θr; r =
1, 2, 3} into the sigma model target space M and {D0, Dr; r = 1, 2, 3} are the
† It was observed in [11], though, that in the quantum theory the target space becomes a
weak HKT manifold due to the anomaly cancellation mechanism.
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supersymmetry derivatives obeying the algebra
D20 = i
d
dt
D0Dr +DrD0 = 0
DsDr +DrDs = 2iδrs
d
dt
.
(3.27)
An action for this multiplet is
I = −1
2
∫
dtdθ0
(
igijD0X
i d
dt
Xj +
1
3!
cijkD0X
iD0X
jD0X
k
)
. (3.28)
Note that although this action is not a full superspace integral, it is N=4b super-
symmetric provided that the couplings satisfy the conditions (3.21) and (3.22).
3.4. N=8 one-dimensional supersymmetry
Finally, let us consider the one-dimensional sigma models with N=8 supersym-
metry. Again we shall describe two special N=8 multiplets which we shall call N=8a
and N=8b. The former multiplet is the reduction of the two-dimensional (4,4) su-
persymmetry multiplet and the latter is associated with the two-dimensional (8,0)
supersymmetry multiplet. Since the N=8a multiplet is the reduction of the two-
dimensional (4,4) one, the geometry of the target manifold of the one-dimensional
sigma model in this case is the same as that of the two-dimensional one; we shall
not repeat the full analysis here (see for example [8]). In particular, if the super-
symmetry algebra closes off-shell, then the sigma model target space M admits
two commuting strong HKT structures. One of the HKT structures is with respect
to the connection
∇(+) = ∇ + 1
2
c (3.29)
and the other is with respect to the connection
∇(−) = ∇− 1
2
c . (3.30)
An action for the N=8a multiplet can be written in a way similar to that for the
(4,4) multiplet in two dimensions [8].
19
Next, let us turn to examine the N=8b case. To find the conditions required
by N=8b supersymmetry, we use N=1 superfields to write the extended supersym-
metry transformations as
δX i = ηaIa
i
jDX
j (3.31)
where {ηa; a = 1, . . . , 7} are the supersymmetry parameters. The conditions re-
quired by the closure of the supersymmetry algebra are
IaIb + IbIa = −2δab
N(Ia, Ib) = 0
(3.32)
and the conditions required by the invariance of the action are
gkℓIa
k
iIa
ℓ
j = gij
∇(+)
(i
Ia
k
j) = 0
ιadc− 2
3
dιac = 0 ,
(3.33)
where ιa denotes inner derivation with respect to the endomorphism Ia. The
endomorphisms {Ia} are complex structures that obey the algebra of a basis in
Cliff(E7) equipped with a negative definite inner product; the underlying algebraic
structure is naturally associated with that of octonions. The remaining conditions
are similar to those of the N=4b multiplet but this time they apply to seven
complex structures instead of three. We shall call a Riemannian manifold {M, g, c}
equipped with metric g, antisymmetric tensor c, and complex structures {Ia} that
obey the compatibility conditions (3.32) and (3.33) an Octonionic Ka¨hler with
Torsion manifold, or OKT for short.
This appears to be the appropriate generalisation of the HKT structure in the
(8,0)-supersymmetric context. To see this, observe that in the HKT structure, the
last two conditions in (3.33) are replaced with the covariant constancy condition
∇(+)i (Ia)jk = 0 , (3.34)
of the complex structures. Now if the manifold is eight dimensional, then the cur-
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vature of ∇(+) must vanish because the complex structures form an irreducible rep-
resentation of Cliff(E7). This is very restrictive and one of the reasons behind the
absence of known examples of interacting two-dimensional (8,0)-supersymmetric
sigma models. However as we shall see, there are examples of non-trivial OKT
manifolds, which moreover serve as moduli spaces of n=8 a=1 black holes preserv-
ing 1/4 of the supersymmetry of IIA supergravity.
To describe an off-shell N=8b superspace multiplet, let X be a map from the
Ξ(1|8) superspace with coordinates {t; θ0, θa, a = 1, . . . , 7} into an OKT manifold
M. Then we impose the constraints
DaX
i = Ia
i
jD0X
j (3.35)
where {D0, Da; a = 1, . . . , 7} are the supersymmetry derivatives along the corre-
sponding Grassmann directions in Ξ(1|8). The algebra of {D0, Da; a = 1, . . . , 7} is
a direct generalization of that in (3.27) and we shall not present it here. An action
for this multiplet is
I = −1
2
∫
dtdθ0
(
igijD0X
i d
dt
Xj +
1
3!
cijkD0X
iD0X
jD0X
k
)
. (3.36)
Note that although this action is not a full superspace integral, it is N=8b super-
symmetric provided that the couplings in the action satisfy the conditions (3.32)
and (3.33). We remark that this action is similar to that of the N=4b multiplet
above but that the coupling constants in the action of the N=8b multiplet obey
different conditions from those of the N=4b case.
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4. Hyper-Ka¨hler Geometry with Torsion
A strong Hyper-Ka¨hler Geometry with Torsion {M, g, c} may be described in
a number of ways. An equivalent but perhaps more concise description than the
one of the previous section is to say that it consists of
(i) a 4k-dimensional hypercomplex manifold M, a compatible metric g with
associated Levi-Civita connection ∇ and
(ii) a closed 3-form c such that if we use the inverse metric to convert c to a
vector valued 2-form, which we also call c, then the metric preserving affine
connection:
∇(+) = ∇+ 1
2
c (4.1)
preserves the hypercomplex structure.
We now expand a little on this definition. Firstly a hypercomplex manifold
is one admitting three integrable complex structures, {Ir; r = 1, 2, 3} = {I, J,K}
satisfying the algebra of the imaginary quaternions. Alternatively one may say that
the structural group of the tangent bundle TM may be reduced from GL(4k;R)
to GL(k;H). A compatible metric is one for which I, J,K are isometries. In other
words g is Hermitian with respect to all three complex structures. Given g we may
construct three 2-forms (ωI , ωJ , ωK) from I, J,K by index lowering. If we were
dealing with a Hyper-Ka¨hler structure, all three 2-forms would be closed and the
holonomy of the Levi-Civita connection ∇ would lie in Sp(k) ⊂ SO(4k;R). For a
Hyper-Ka¨hler Geometry with torsion we demand something weaker: merely that
the holonomy of the metric preserving affine connection ∇(+) = ∇ + 12c lies in
Sp(k) ⊂ SO(4k;R). Equivalently one demands that
dωI − ιIc = 0 , dωJ − ιJc = 0 , dωK − ιKc = 0 . (4.2)
Evidently one may construct products of HKT structures so as to obtain HKT
structures on the product. One also has a natural notion of a groupG of symmetries
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of an HKT structure. One may also restrict an HKT structure to a totally geodesic
hyper-complex submanifold Σ of an HKT manifold. This requires that all vectors
tangent to Σ remain tangent to Σ when acted upon by I, J and K One also requires
that the connection ∇(+) is used to propagate vectors initially parallel to Σ such
that they remain parallel to Σ. A convenient way to identify a totally geodesic
hyper-complex submanifold is as the fixed point set of a group G of symmetries. In
terms of sigma models, totally geodesic submanifolds arise by imposing constraints
on the sigma model which commute with the action of supersymmetry and allow
its consistent truncation to a model with fewer fields.
There are two basic examples of HKT structures, the flat structure with zero
torsion on H and the Wess-Zumino-Witten model on H\{0} ≡ H⋆. Both admit
(4, 4) supersymmetry (for the latter case see [34]). In the natural quaternionic
notation, adapted to one hyper-complex structure, the metric in the first case may
be expressed as
ds2 = dqdq¯ (4.3)
with vanishing torsion and in the second by
ds2 =
dqdq¯
qq¯
. (4.4)
while the torsion three-form corresponds to the volume form on the unit three
sphere. To pass to the other hypercomplex structure, one takes the quaternionic
conjugate. Topologically the Wess-Zumino-Witten model is defined on R×S3, the
universal covering space of what mathematicians call the Hopf surface S1 × S3.
This is a well known example of a complex manifold which does not admit a
Ka¨hler structure. The metric is the product metric on R× S3 and the 3-from c is
the volume form on S3. If one identifies S3 with SU(2) and defines 2t = log(qq¯),
then the connection ∇(+) is given by
∂
∂t
+∇(+)
SU(2)
(4.5)
where ∇(+)
SU(2) is the standard connection on the Lie group SU(2) defined using, say,
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the right translations. The three two forms obtained from the complex structures
by index lowering are
ωr = dt ∧ σr + dσr , (4.6)
where r = 1, 2, 3 and σr are left-invariant one-forms on SU(2), i.e. dσr =
1
2ǫ
r
stσ
s∧
σt.
The Wess-Zumino-Witten model admits the orientation preserving symmetry
R : q → −q (4.7)
preserving both HKT structures. In effect of R is the antipodal map on the 3-
sphere factor which is orientation preserving. It therefore leaves the volume form
and hence the torsion invariant.
4.1. Multi-Models
In order to obtain more complicated models, including the Shiraishi metric for
the relative moduli of the n=4, a=1 black holes, we take products of the above two
basic models: (
H
)v × (H⋆)e (4.8)
with coordinates wa and qi respectively, with metric
ds2 =
v∑
dwadw¯a +
e∑ dqidq¯i
qiq¯i
(4.9)
and we impose some constraints. Consider for example the case v = e = 1.
Dropping the indices on w and q we impose
w − q = 0 (4.10)
and recognize the well known metric onH⋆, the transverse space of a single solitonic
5-brane [28] . This corresponds to the Shiraishi metric on the relative moduli space
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of two a = 1, n = 1 0-branes, or by lifting to six dimensions to obtain two self-dual
strings. Note that the constraint restricts us to the fixed point set of the Z2 action:
(w + q, w − q)→ (w + q,−w + q). (4.11)
Geometrically the Z2 action is reflection in the hyperplane defined by the con-
straint.
To get the transverse metric of the k-5-brane 4-metric one takes v = 1 and
e = k and imposes the k constraints
w + ai − qi = 0 , (4.12)
where the ai are k constant quaternions. These complete asymptotically Euclidean
4-metrics on H\∪i{ai} were proposed as gravitational instantons by D’Aurilia and
Regge [29] and dubbed axionic instantons by Rey [30].
To get the Shiraishi metrics we take v = k and e = 12k(k − 1) and replace the
index i on qi by the compound index ab with 0 < a < b ≤ k. The constraints are
wa − wb − qab = 0. (4.13)
To be more precise, agreement with the Shiraishi metrics requires an appropriate
rescaling of the coordinates so as to introduce the various “mass parameters” that
appear in the black hole moduli metrics. This completes our demonstration that
the moduli space of self-dual strings in six dimensions admits (4, 4) supersymmetry.
More general metrics will be studied later. Before doing so we want to comment
on the similarity between the construction just given for HKT geometries associ-
ated to the Shiraishi metrics with a = 1 in n + 1 = 5 spacetime dimensions and
the Hitchin -Karlhede-Lindstrom-Rocek quotient construction of the Hyper-Ka¨hler
geometries associated to the Shiraishi metrics with a = 1 in n + 1 = 4 spacetime
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dimensions [10]. The moment map constraints used in the latter construction in-
volve 3-vectors instead of 4-vectors, but are otherwise identical. It seems that this
is just a particular case of T-duality. The 4-dimensional metrics lift to 6-branes
and the 5-dimensional metrics lift to five branes in 10 spacetime dimensions. From
the point of view of the moduli space the relative moduli space in the case of two of
6-branes is the 3-metric obtained by taking the ordinary quotient of the Taub-NUT
metric by a triholomorphic U(1) and in the case of the 5-branes it is the axionic
instanton 4-metric.
Note the amusing fact that taking the moduli space of the axionic instantons,
regarded as Neveu-Schwartz 5-branes, leads to a flat metric.
4.2. Sigma Model Duality
An alternative method of constructing HKT geometries is to use the close re-
lationship between hyper-Ka¨hler and HKT geometries. This is most easily demon-
strated in four dimensions where starting from a hyper-Ka¨hler geometry with met-
ric ds2hk, one can obtain a weak HKT one using the Callan-Harvey-Strominger
ansatz
†
[28]
ds2 = Hds2hk
c = 3 ∗ dH ,
(4.14)
where H is a function on the hyper-Ka¨hler manifold and the Hodge duality opera-
tion has been taken with respect to the hyper-Ka¨hler metric. The Callan-Harvey-
Strominger ansatz gives a strong HKT geometry provided that H is a harmonic
function with respect to the hyper-Ka¨hler metric, i.e.
∇2hkH = 0 . (4.15)
The complex structures of the HKT geometry are those of the hyper-Ka¨hler geom-
etry. For example, if we choose as a hyper-Ka¨hler manifold E4 then the associated
† Not all 4-dimensional HKT geometries can constructed in this way [45, 46].
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HKT geometry, with
H = 1 +
∑
i
µi
2|x− xi|2 , (4.16)
is that of the solitonic five-brane or that of the relative moduli space of two n = 4,
a = 1 black holes described in the previous sections. The HKT metric is complete
and asymptotically flat. At the centres of the harmonic function there are infinite
throats isometric to R × S3. It is worth pointing out that the associated one- or
two-dimensional sigma models may have N=8a or (4,4) off-shell supersymmetry,
respectively. This is because in E4, we can introduce two commuting triplets of
complex structures with each triplet obeying the algebra of imaginary unit quater-
nions. The associated Ka¨hler 2-forms of the first triplet is a basis of the self-dual
two forms in E4 and, similarly, the associated Ka¨hler 2-forms of the second triplet
is a basis of the anti-self-dual two forms in E4.
This relation between hyper-Ka¨hler and HKT geometries can be extended be-
yond four dimensions using sigma-model duality [39]. Sigma-model duality is an
operation which is applied to the metric, torsion and dilaton couplings of a two-
dimensional sigma model admitting an U(1) isometry. The effect of the operation
is to give another quantum-mechanically equivalent sigma model with a U(1) isom-
etry but with couplings different from those of the original model. For what follows,
it is sufficient to investigate the effect of sigma-model duality on a bosonic sigma
model with just a metric coupling. For this, let us suppose that the sigma model
metric
ds2 = V −1(dτ + ω)2 + V γijdxidxj (4.17)
admits a Killing vector X = ∂/∂τ , where γ is the metric on the space of orbits of
the isometry. Performing sigma model duality along X , we find that the couplings
of the dual model are
ds2 = V (d2τ + γijdx
idxj)
c = −3 dτ ∧ dω
e2Φ = V ,
(4.18)
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where Φ is the ‘dilaton’. If the dimension of the target space of the sigma model is
less than or equal to nine, then sigma model duality coincides with the T-duality of
the common Neveu-Schwartz⊗Neveu-Schwartz sector of the various string theories.
The main point to observe is that, although the original sigma model has just a
metric coupling, after T-duality we find that the dual model has, apart from the
metric coupling, a non-zero Wess-Zumino term and a ‘dilaton’. T-duality under
certain conditions preserves supersymmetry. Since two-dimensional sigma models
with hyper-Ka¨hler metrics admit (4,4) supersymmetry, the dual models also admit
(4,4) supersymmetry, and hence their target space has two copies of a strong HKT
structure. In what follows, we shall neglect the ‘dilaton’ because it is not necessary
for determining the geometry of the moduli space of black holes.
As an example, let us find the HKT structure associated to the Gibbons-
Hawking hyper-Ka¨hler metric [47, 48]
ds2 = H−1(dτ + ω)2 +Hds2(E3) , (4.19)
where
⋆dH = −dω , (4.20)
i.e. H is a harmonic function on three-dimensional Euclidean space E3. This metric
admits a tri-holomorphic Killing vector field X = ∂/∂τ . After an appropriate
identification of the τ coordinate, the metric is geodesically complete. Applying
T-duality to this metric leads to
ds2 = Hds2(E4)
c = 3 ∗ dH ,
(4.21)
where the Hodge duality operation has been taken with respect to the flat metric
on E4, (see also [40, 41]). This HKT geometry is similar to that derived above using
the ansatz (4.14) and with the four-dimensional Euclidean space E4 as a starting
hyper-Ka¨hler manifold. However, there is a difference in that the conformal factor
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H in (4.21) is a harmonic function on E3 rather than a harmonic function on E4
which is the case in (4.14). A consequence of this is that the HKT geometry (4.21)
is incomplete. However, it is clear that we can find a complete geometry associated
to (4.21) by allowing the harmonic function H to be harmonic on E4.
4.3. HKT geometry in various dimensions
To find more general HKT geometries in 4k dimensions, k > 1, from those in
section (4.1), we shall begin with a class of hyper-Ka¨hler geometries that admit
a U(1)k group of triholomorphic isometries. To describe these metrics, let us
decompose the 4k coordinates {yM ;M = 1, . . . , 4k} of the hyper-Ka¨hler manifold
as
yM = (τi, x
ri) ; r = 1, 2, 3 , i = 1, . . . , k , (4.22)
where τi are the coordinates adapted to the isometries, i.e. the Killing vector fields
are X i = ∂/∂τi. Then the hyper-Ka¨hler metric can be written as follows:
ds2 = U ij(dτi + ω ik · dxk)(dτj + ωjℓ · dxℓ) + Uijdxi · dxj (4.23)
where (·) denotes the inner product with respect to the flat metric in E3 and the
coefficients U are functions only of x; U = U(x). Moreover, they satisfy
Uij = Uji
⋆dUij = −dωij ,
(4.24)
where the Hodge star operation is taken with respect to the flat metric in E3. To
find explicit solutions to the above conditions (4.24), we follow [42] and write
Uij = U
∞
ij +∆Uij , (4.25)
where U∞ is the asymptotic value of U as |xk| goes to infinity. Then ∆Uij is the
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sum of terms of the form
pipj
|pkxk − a|
, (4.26)
for different values of p and different centres a. Therefore, the most general form
of ∆Uij is
∆Uij =
∑
{p}
∑
a
pipj
|pkxk − a({p})|
(4.27)
It is well-known that this geometry can be characterised by the properties of the
co-dimension three planes
pkx
k − a = 0 , (4.28)
in E3k. In particular, the metric is non-singular provided that {p1, . . . , pk} are
co-prime integers, and the various (3k − 3)-planes do not coincide and intersect
only pairwise.
There is a chain of strong HKT structures associated with the above hyper-
Ka¨hler geometry. Each HKT structure in the chain can be found by T-dualizing
the hyper-Ka¨hler geometry along one or more Killing vector field directions τi.
The case that we shall present here is the one that arises after dualizing all Killing
vector directions once. The resulting strong HKT geometry is
ds2 = Uij
(
dτ i dτ j + dxi · dxj)
c =
3
2
ǫrs
t ∂tiUjk dτ
i ∧ dxrj ∧ dxsk .
(4.29)
This metric is singular. However as in the 4-dimensional case, we can extend
the dependence of the coefficient Uij of the metric. For this, we decompose the
4k-coordinates {yM ;M = 1, . . . , 4k} of the HKT manifold as
yM = xµi i = 1, . . . , k µ = 0, . . . , 3 . (4.30)
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The new metric and torsion can be written as
ds2 = Uij dx
i · dxj
c =
1
2
ǫµνλ
ρ ∂ρiUjk dx
µi ∧ dxνj ∧ dxλk ,
(4.31)
where U is a function of xk and ǫ is the Levi-Civita tensor with respect to the flat
metric on E4. For the torsion c to be a 3-form, we require
Uij = Uji
∂iµUjk = ∂jµUik ,
(4.32)
where Hodge star operation is with respect to the flat metric in E4. If we further
require c to be a closed 3-form, then
∂i · ∂jUkl = 0 . (4.33)
To find explicit examples of strong HKT geometries, we write
Uij = U
∞
ij +∆Uij , (4.34)
where U∞ij is the asymptotic value of Uij as |xk| goes to infinity. Then, ∆Uij is a
sum of terms of the form
pipj
|pkxk − a|2
=
1
4
∂i · ∂j log|pkxk − a|2 (4.35)
for different choices for the real numbers p and for the centres a. Therefore, the
most general form for ∆Uij is
∆Uij =
1
4
∑
{p}
∑
a
∂i · ∂j log|pkxk − a({p})|2 . (4.36)
In direct correspondence with the associated hyper-Ka¨hler geometries, these HKT
geometries are naturally associated with the co-dimension four planes
pkx
k − a = 0 (4.37)
in E4k. It appears that these metrics are non-singular on the complement of these
planes in E4k provided that the planes, if they intersect, intersect only pairwise.
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It remains to give the complex structures of the above HKT geometry. These
are
Ir = 1⊗ Ir , (4.38)
where {Ir; r = 1, 2, 3} are the three complex structures in E4 associated with, say, a
basis in the space of constant self-dual 2-forms in E4. Then it is straightforward to
verify that the covariant constancy condition of the complex structures with respect
to the∇(+) covariant derivative and the closure of c imply only the conditions (4.32)
and (4.33). Thus we have directly shown that (M, g, c) of (4.31) with coefficients
given in (4.36) has a strong HKT structure. In fact there is another HKT structure
on (M, g, c) associated with the connection ∇(−) and with complex structures
Jr = 1⊗ Jr , (4.39)
where in this case {Jr; r = 1, 2, 3} are the three complex structures in E4 associated
with a basis in the space of constant anti-self-dual 2-forms in E4. It turns out that
the two HKT structures commute. Therefore, the corresponding one- or two-
dimensional sigma model whose target space is the strong HKT manifold (M, g, c)
may admit off-shell N=8a or (4,4) supersymmetry, respectively.
5. Octonionic Ka¨hler Geometry with Torsion
The algebraic structure underlying the OKT geometry is that of the octonions,
O. Let {e0, ea; a = 1, . . . , 7} be a basis in O consisting of the unit octonions. In this
basis, we choose e0 to be the identity, so it commutes with all the other elements
of the basis. The rest of the basis elements satisfy
eaeb = −δab + ϕabcec (5.1)
where ϕabc = ϕab
dδdc are the structure constants of the octonions; ϕ is antisym-
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metric in all its indices. Next, let ∗ϕ be the Poincare´ dual of ϕ,
∗ϕabcd =
1
3!
ǫabcd
pqrϕpqr , (5.2)
then
ϕabfϕcd
f = δacδbd − δadδbc − ∗ϕabcd , (5.3)
and
∗ϕf abcϕf de = 6ϕ[d[abδ
e]
c]
. (5.4)
We can use the structure constants of the octonions to introduce seven complex
structures in E8 as follows:
(Ia)
0
b = δab
(Ia)
b
0 = −δba
(Ia)
b
c = ϕa
b
c .
(5.5)
It is straightforward to see (i) that the flat metric in E8 is hermitian with respect to
all the complex structures and (ii) that these complex structures obey the gamma-
matrix relations of a basis in Cliff(E7) equipped with a negative-definite inner
product. It is then clear that E8 equipped with the above complex structures and
the flat metric is an OKT manifold.
To find non-trivial examples of eight-dimensional OKT geometries, we use the
ansatz
ds2 = H ds2(E8)
cµνρ = Ωµνρ
λ∂λH ,
(5.6)
where µ, ν, ρ, λ = 0, . . . , 7 , H is a function on E8 and Ω is a four-form on E8 (We
have raised the index of Ω with the flat metric on E8). The choice of a conformally-
flat metric in the ansatz is motivated by the form of the moduli metric of the n = 8,
a = 1 black holes. In addition, we choose as complex structures those of (5.5). The
integrability of Ia follows immediately because they are constant tensors and so
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all Nijenhuis conditions are satisfied. The metric in (5.6) is clearly hermitian with
respect to all complex structures. So it remains to solve the last two conditions in
(3.33). The second condition in (3.33) implies that
Ω0abc = ϕabc
Ωabcd = −∗ϕabcd .
(5.7)
Therefore Ω is the Spin(7) invariant anti-self-dual 4-form in E8 associated with the
above octonionic structure. After some computation, the third condition in (3.33)
implies that
δµν∂µ∂νH = 0 . (5.8)
Hence, H is a harmonic function on E8. For this computation, we have used the
following identities for the octonionic structure constants:
ϕ[ab
(fϕc]d
e) =
4
3
∗ϕ[abc(fδ
e)
d]
− 1
3
∗ϕabcdδfe
ϕp[a
(f ∗ϕbcd]e) = −δp[aϕbcd]δfe + 3δp[aϕbc(fδe)d] − ϕ[abcδ
(f
d] δ
e)
p .
(5.9)
Note that c is not a closed three form.
Apart from the flat OKT structure in E8 for which H = 1, the simplest non-
trivial OKT structure arises when
H =
1
|x|6 . (5.10)
Setting
ρ =
1
2|x|2 , (5.11)
the metric becomes
ds2 = dρ2 + 4ρ2dΩ2(7) (5.12)
where dΩ2(7) is the standard round metric on S
7. Geometrically, the metric is a cone
over the round 7-sphere of radius 2. The metric (5.12) is defined on O∗ = E8\{0}
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and is complete as ρ → ∞, i.e as |x| → 0, but has a conical singularity at finite
distance as ρ→ 0, i.e. |x| → ∞. To cure this problem, we set
H = 1 +
1
|x|6 . (5.13)
and we get a complete metric on O∗ which interpolates between the flat metric
near |x| → 0 and the conical metric near |x| → ∞.
Note that by taking the octonionic conjugate of the above construction, we
obtain another OKT structure. Each of these structures is invariant under the
freely acting involution
x→ −x . (5.14)
5.1. Octonionic Multi-Models
In order to obtain more complicated models, including the Shiraishi metric for
the relative moduli of the n = 8, a = 1 black holes, we begin with the metric
ds2 =
v∑
a=1
dua du¯a +
e∑
i=1
doi do¯i
(oi o¯i)3
, (5.15)
on
(O)v × (O∗)e , (5.16)
where O∗ = E8\{0} and ua, oi are octonions. This metric is an OKT metric
because it is a sum of OKT metrics. Using these we can obtain more complicated
OKT geometries by imposing suitable constraints. For example, let v = e = 1.
Dropping the indices on u, o, we impose
u− o = 0 (5.17)
and recognize the OKT metric on E8\{0}, corresponding to the harmonic function
H = 1 +
1
|x|6 . (5.18)
This corresponds to the Shiraishi metric on the relative moduli space of two n = 8,
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a = 1 black holes. Note that the constraint restricts us to the fixed point set of
the Z2 action
(u+ o, u− o)→ (u+ o,−u+ o) . (5.19)
The multi-centre OKT metric on E8\ ∪ki=1 {ai} with centres {ai; i = 1, . . . , k}
can be found by choosing v = 1 and e = k, and then by imposing the conditions
u+ ai − oi = 0 , (5.20)
where ai are k constant octonions.
Finally, in order to derive the Shiraishi metrics for the relative moduli of k
n = 8, a = 1 black holes, we can take v = k and e = 12k(k − 1) and replace the
index i on oi by the compound index ab with 0 < a < b ≤ k. The constraints are
ua − ub − oab = 0 . (5.21)
To be more precise, agreement with the Shiraishi metrics requires an appropriate
rescaling the coordinates to introduce the various “mass parameters” that appear
in the black hole moduli metrics. This completes our demonstration that the
moduli space of n = 8, a = 1 black holes admits N=8b supersymmetry.
5.2. OKT geometry in various dimensions
To find more general examples of OKT geometries in 8k dimensions, k > 1,
from those of the previous section, we first write the coordinates of {xM ;M =
1, . . . , 8k} of E8k as
xM = xµi ; µ = 1, . . . 8 , i = 1, . . . , k . (5.22)
Then we use the ansatz
ds2 = Uijdx
i · dxj
c =
1
3!
Ωµνλ
ρ∂iρUjkdx
µi ∧ dxνj ∧ dxλk ,
(5.23)
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where U is a function of E8k. For c to be a three-form, the matrix U must satisfy
Uij = Uji
∂ρiUjk = ∂ρjUik .
(5.24)
To complete the ansatz, we choose as complex structures
Ia = 1⊗ Ia , (5.25)
where {Ia; a = 1, . . . , 7} are the complex structures on E8 associated with the
octonions as in (5.5). After some computation, we find that the above ansatz
satisfies the conditions of an OKT geometry provided that
∂i · ∂jUkl = 0 , (5.26)
where (·) denotes the inner product with respect to the Euclidean 8-metric.
It remains for us to find examples of such geometries. For this let us write
Uij = U
∞
ij +∆Uij , (5.27)
where U∞ij is a constant matrix which can be thought as the asymptotic value of
Uij as |xi| goes to infinity. Solving (5.24) and (5.26) for ∆Uij , we find that it is a
linear combination of
pipj
|pkxk − a|6
, (5.28)
for different choices of k-vectors {p1, . . . , pk} and different choices of centres a.
Therefore the most general expression for ∆Uij is
∆Uij =
∑
{p}
∑
a
pipj
|pkxk − a({p})|6
. (5.29)
It is clear that this OKT geometry is associated with the co-dimension eight planes
pkx
k − a = 0 , (5.30)
in E8k. It appears that the metric (5.23) with detU∞ 6= 0 and coefficients given
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in (5.29) is non-singular on the complement of these planes in E8k provided that
the planes, if they intersect, intersect only pairwise.
6. Moduli Space Geometries for Black
Holes from Intersecting branes
It is well-known by now that the various black hole solutions of supergravities
in various dimensions have a ten- or eleven-dimensional interpretation as IIA, IIB
or M-theory intersecting branes [6]. This has led to the better understanding of
the black hole solutions preserving less than half of the eleven-dimensional super-
symmetry. As we shall explain, this interpretation is also helpful to determine
some of the structure of the moduli spaces of n = 4, a = 1 and n = 8, a = 1
black holes. In particular, the ten-dimensional interpretation that we shall present
below allows us (i) to determine the underlying worldvolume Lorentz invariance
and (ii) to find the appropriate one-dimensional supersymmetry multiplet of the
effective theory of the black holes. Both points require some explanation. To ex-
plain the former, we remark that the dimensionality of the effective theory of the
ten-dimensional solution is determined by the residual Lorentz invariance that re-
mains unbroken by the solution. If it turns out that the Lorentz invariance group
of the ten-dimensional solution is that of two or more dimensions, then the effective
action will resemble that of an extended object, i.e. that of a string or a brane.
This implies that the effective theory of the corresponding black holes is obtained
by reducing the effective theory of the extended object to one dimension. However,
as we have seen in section 2, the supersymmetry multiplets in one dimension that
can be obtained as reductions of the two-dimensional ones have a geometry that
is more restrictive than that of the generic one-dimensional supersymmetry mul-
tiplets. This results in stronger constraints on the geometry of the moduli of the
black hole solution. To explain the latter point, we note that there are supersym-
metry projection operators associated with the ten-dimensional solution. A close
investigation of these operators reveals the type of one-dimensional supersymmetry
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multiplet which should be used to describe the effective theory of the associated
black holes.
Let us begin with the n = 4, a = 1 black hole solution. The most symmetric
ten-dimensional lifting of this solution is that of the solution of IIB supergravity
having the interpretation of two 3-branes intersecting on a string. This solution is
known to preserve 1/4 of the supersymmetry of IIB theory. The explicit form of
the solution in the string frame is
ds2 = H
− 1
2
1 H
− 1
2
2 ds
2(E(1,1)) +H
− 1
2
1 H
1
2
2 ds
2(E2)
+H
1
2
1 H
− 1
2
2 ds
2(E2) +H
1
2
1 H
1
2
2 ds
2(E4)
G5 = F5 + ∗F5 ,
(6.1)
where
F5 = ω1(E
(1,3)) ∧ dH−11 + ω2(E(1,3)) ∧ dH−12 , (6.2)
H1, H2 are two harmonic functions on E
4 associated with the two 3-branes, ω1(E
(1,3))
and ω2(E
(1,3)) are the volume forms along the world-volume directions of the two
3-branes and the Hodge duality operation is taken with respect to the metric (6.1).
If we reduce this solution along the relative transverse directions, then we get a
self-dual string solution in six dimensions which is determined by two harmonic
functions [26]. (For H1 = H2, we recover the self-dual string solution of [25].) Now
if we further reduce along the string direction and set H1 = H2, we find the n = 4,
a = 1 black hole solution of section 2.
To continue, let us suppose that the string lies in the directions 0, 1, the first
3-brane lies in the directions 0, 1, 2, 3 and the second 3-brane lies in the directions
0, 1, 4, 5. The supersymmetry projections associated to the solution (6.1) are
Γ0123η
1 = η2
Γ0145η
1 = η2 ,
(6.3)
where η1, η2 are Majorana-Weyl spinors and {Γa; a = 0, . . . , 9} are the ten-dimen-
sional Gamma-matrices. Since the solution has a two-dimensional Lorentz in-
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variance and preserves 1/4 of the IIB supersymmetry, the effective theory must be
two-dimensional with eight supersymmetry charges. However as we have seen there
are at least two different two-dimensional supersymmetry multiplets with eight su-
persymmetry charges, i.e. the (4,4) multiplet and the (8,0) one. An examination
of the supersymmetry conditions (6.3) reveals that the two-dimensional chirality
operator Γ01 does not have a definite sign when acting on the Killing spinors η.
This leads to a non-chiral effective theory on the string with (4,4) supersymmetry
and therefore to a geometry on the target space with two copies of a strong HKT
structure. The effective theory of the associated black hole is just the reduction of
the two-dimensional effective theory along the spatial world-sheet direction. This
of course leads to a one-dimensional effective theory based on the N=8a multiplet
for which, as we have seen, its geometry is entirely determined by that of the two-
dimensional (4,4) multiplet. It is remarkable that this is exactly what we have
found by studying the Shiraishi metric on the moduli space of n = 4, a = 1 black
holes.
Next let us turn to examine the n = 8, a = 1 black hole case. The most
symmetric description of this black hole solution in ten dimensions is the IIA
supergravity solution with the interpretation of a wave on a string. The explicit
ten-dimensional solution in the string frame is
ds2 = H−11 (dudv + (H2 − 1)du2) + ds2(E8)
G3 = dt ∧ dy ∧ dH−11
e2Φ = H−11 ,
(6.4)
where u = t + y and v = −t + y, and H1, H2 are the harmonic functions on E8
associated with the string and the pp-wave, respectively. This solution preserves
1/4 of the IIA supersymmetry and reduces along the string direction y to a nine-
dimensional black-hole solution with two harmonic functions H1, H2. If we next
set H1 = H2, then we recover the n = 8, a = 1 black hole solution of section 2.
As in the previous case, let us consider the supersymmetry projections associ-
ated with the wave-on-a-string solution of IIA supergravity above. Assuming that
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the string lies in the directions 0, 1, we find
Γ01Γ11η = η
Γ01η = η ,
(6.5)
where η is a ten-dimensional Majorana spinor. The solution (6.4) has two com-
muting Killing vectors along the the u, v directions but no two-dimensional Lorentz
invariance. From this, we conclude that the effective theory is best described by a
one-dimensional sigma model. Since the ten-dimensional solution preserves 1/4 of
the supersymmetry, the associated effective theory must have N=8 one-dimensional
supersymmetry. So it remains to be determined whether the appropriate multiplet
is the N=8a or the N=8b. One way to find out which of the two multiplets is the
relevant one is to observe that, from the string perspective, the supersymmetry pre-
served is chiral, because in (6.5) the two-dimensional chirality operator Γ01 acts on
η with a definite sign. But as we have explained in section 3, the one-dimensional
multiplet that is associated with chiral two-dimensional supersymmetry with eight
supercharges is N=8b. It is remarkable that this is exactly what we have found by
analysing the Shiraishi geometry of the moduli space of n = 8, a = 1 black holes.
7. Brane probes and black holes
The occurrence of non-trivial metrics on the moduli spaces for multiple p-branes
may easily be seen using “test-brane” probes, i.e. actions for p-branes situated
in backgrounds corresponding to other p-branes, which may be considered to be
“heavy” and for which one may ignore, in leading order, the back-reaction of the
probe on the background metric. In all the cases that we consider here, there is
a “no-force” phenomenon for such probes: they see no potential arising from the
background, as a result of a cancellation of forces due to gravity and scalars versus
those from the antisymmetric tensor fields. The general action for a p-brane probe
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with tension Tα and charge Qα may be written
Iprobe = −Tα
∫
dp+1ξ(− det ∂µxm∂νxngmn)
1
2 e
1
2
ςpr~aα·~φ +Qα
∫
A˜α[p+1], (7.1)
where
A˜α[p+1] = (p+ 1)
−1∂µ1x
m1 · · ·∂µp+1xmp+1Aαm1···mp+1dξµ1 ∧ · · ·dξµp+1 (7.2)
is the pull-back to the worldvolume of the gauge potential Aα that couples to
the probe brane, ~aα are the “dilaton vector” coupling parameters for the dilatonic
scalars ~φ occurring in the kinetic-term exponential prefactor for Fα = dAα[p+1], and
ςpr = ±1 according to whether the probe is of electric or magnetic type.
Three cases will suffice to illustrate the general phenomenon and make contact
with the discussions of the preceeding sections. In nine spacetime dimensions, one
has an electrically-charged black hole solution, in whose background one may place
an electrically-charged probe particle, which however is coupled to a different field
strength (i.e. orthogonal to that of the background in charge space). Despite the
fact that the background and the probe couple to different field strengths Fα, a
no-force condition is nevertheless obtained [38, 31]. For a probe coupling to a
field strength Fα orthogonal to that excited in the background, the second term
in (7.1)vanishes, and so the “potential” felt by the probe arises only from the first
term. The dilatonic factor in (7.1)is exp{12(aprobe ·aback/|aback|)φback}. Specifically,
in the N = 2 nine-dimensional maximal supergravity theory, the dot product of the
dilaton vectors corresponding to the background and to the probe is aprobe ·aback =
−127 , while the diagonal dot products are aα · aα = 167 . For the electrically-charged
black hole solution, the nine-dimensional metric ds2 = e2Adxµdxνηµν+e
2Bdymdym
has eA = H−
3
7 , while the background dilatonic scalar is given by eφback = H
−2√
7 ,
where H is the harmonic function governing the solution. Putting together the
metric and dilatonic factors, one finds a potential Vprobe = e
Ae−
3
2
√
7
φback = 1,
demonstrating the zero-force condition for this probe-background configuration.
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Continuing on to the next order in the velocities, one finds a kinetic term for
the moduli −12Tαe−2Ae2B∂µym∂µym, giving a moduli-space metric Hδmn. Similar
analysis shows that the same result is found in the two other test-brane cases related
to our earlier discussions: a nine-dimensional magnetic 5-brane in the background
of another magnetic 5-brane, again corresponding to orthogonal field strengths, and
similarly a six-dimensional electrically-charged string probe in a magnetic string
background, once again corresponding to orthogonal field strengths. In all three of
these cases, a constant potential is obtained, and in all three cases the moduli-space
metric is given directly by the background’s harmonic function: Hδmn.
In order to compare these brane-probe results with the exact metrics given in
(2.7)(noting that all three cases correspond to a2 = 1), one should separate the
center-of-mass and relative moduli in (2.7), giving a relative moduli metric for the
two-center case
ds2rel =
π
n
2
−1
4(n− 2)Γ(n2 )
[
µ1µ2
µ1 + µ2
+
µ1µ2
n− 2
1
|x1 − x2|n−2
]
|d(x1 − x2)|2 . (7.3)
Taking the limit µ1/µ2 → ∞ and dropping an overall factor π
n
2−1
4(n−2)Γ(n
2
)µ2, one
obtains H|d(x1 − x2)|2, with
H = 1 +
µ1
(n− 2)|x1 − x2|n−2 , (7.4)
in agreement with the brane-probe results.
The above test-brane discussion ignores back reaction effects of the probe on
the underlying spacetime, so the result for the moduli space metric is not exact, i.e.
it is only “asymptotically” valid. But for the three “crossed field strength” cases
considered, this discussion is enough to establish the existence of a non-trivial
moduli-space metric. This should be contrasted with the moduli-space metric for
similarly-oriented parallel 2-branes in eleven dimensions [36] or the analogous in-
teraction between two parallel 1-branes (strings) in ten dimensions [37]. In these
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latter cases, there is a zero-force condition arising because of a cancellation be-
tween the second and first terms in (7.1). The moduli-space metric in these latter
cases, however, proves to be flat. This flat metric may be understood as a con-
sequence of the high degree of unbroken supersymmetry respected by the probe-
background system. For similarly-oriented parallel eleven-dimensional 2-branes or
ten-dimensional strings, the probe-background system leaves unbroken a full 12 of
the original rigid supersymmetry of the theory, which on a two-dimensional world-
sheet corresponds to (8,8) supersymmetry. This degree of unbroken supersymme-
try is too restrictive to allow anything other than a flat moduli-space geometry.
The crossed-field-strength configurations, however, leave unbroken only 14 of the
supersymmetry, corresponding either to worldsheet supersymmetry (8,0) (for the
nine-dimensional particles) or to (4,4) (for the nine-dimensional 5-branes or the
six-dimensional strings).
The test-brane analysis captures some of the general features of the exact
metrics that we have discussed in previous sections. In particular, the moduli-
space metric seen by a test-brane probe is of the same geometrical class as the
exact metric, although it represents only an asymptotic limit of the exact metric.
This follows the pattern of the analogous discussion for moduli-space metrics for
magnetic monopoles [23].
7.1. Other five-dimensional black holes
Another well known example of a five-dimensional supersymmetric black hole is
that which arises in the computation of Bekenstein-Hawking entropy by counting
string states [49]. This solution has the ten-dimensional interpretation of a D-
string within a D-5-brane and a wave propagating along the D-string. The explicit
solution in the string frame is
ds2 = H
− 1
2
1 H
− 1
2
2
(
dudv + (H3 − 1)du2
)
+H
1
2
1 H
− 1
2
2 ds
2(E4) +H
1
2
1 H
1
2
2 ds
2(E4)
G3 = dt ∧ dy ∧ dH−11 + ⋆dH2
eΦ = H
− 1
2
1 H
1
2
2
(7.5)
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where u = t+ y and v = −t+ y, the Hodge duality operation is taken with respect
to the overall transverse space E4, and H1, H2 and H3 are the harmonic functions
associated to the string, 5-brane and pp-wave respectively. This solutions preserves
1/8 of the supersymmetry of the IIB supergravity. Setting all the positions of the
harmonic functions to be the same and then compactifying the solution to five
dimensions along all the worldvolume directions of the D-5-brane, we find a black
hole solution with finite horizon area. In the following we shall take H1, H2 and
H3 to have one centre.
Due to the interpretation of this black hole solution as a bound state of branes
and a pp-wave, one can compute the metric induced on one of the branes if it is
considered as a probe in the background generated by the remaining components.
Since there are two different branes and a pp-wave in the bound state several
possibilities exist and the corresponding probe metrics were computed in [43, 44].
In particular, if we consider D-5-brane probes in the background generated by a
wave on the string, the induced metric on the D-5-brane is
ds2 = H3H1 ds
2(E4) . (7.6)
If H3 = 1, then the theory, from the string perspective, has (4,4) supersymmetry
and the geometry on the moduli space is two commuting copies of strong HKT
structures. This metric is the same as that on the relative moduli space of two
n = 4, a = 1 black holes. Therefore its multi-black hole generalisations have
already been discussed in the previous sections. The most interesting case arises
when both H3 and H1 are not constant. In this case, from the two-dimensional
perspective, the amount of supersymmetry preserved is (4,0). This can be easily
seen from an analysis similar to that done for the black holes in the previous section.
This leads to a one-dimensional effective theory with an N=4b supersymmetry
multiplet. As we have already mentioned, one of the geometries compatible with
this multiplet is the weak HKT geometry. In fact, it turns out that the relative
moduli space of two such black holes admits a weak HKT structure. The metric
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is as in (7.6) and the torsion is
c = 3 ∗ d(H3H1) (7.7)
where the Hodge operation has been taken with respect to the flat E4 metric. The
complex structures are those of E4.
It is straightforward to construct generalisation of the above geometry similar
to that for the moduli metric of k black holes. For this we write the ansatz
ds2 = Uijdx
i · dxj
c =
1
2
ǫµνλ
ρ ∂ρkUij dx
µi ∧ dxνj ∧ dxλk ,
(7.8)
where the coordinate is {xµi; i = 1, . . . , k;µ = 0, . . . , 3} and U is a function of x.
This geometry is a weak HKT provided that
Uij = Uji
∂µiUjk = ∂µjUik ,
(7.9)
with complex structures
Ir = 1⊗ Ir (7.10)
where Ir are three complex structures on E
4. A large class of asymptotically flat
weak HKT geometries can be obtained by choosing
⋆
Uij = U
∞
ij +∆Uij (7.11)
where U∞ is the asymptotic value of U as |xk| → ∞,
∆Uij =
∑
{p}
∑
a
pipjf({p})(|pkxk − a({p})|) (7.12)
and f is any function that vanishes as |xk| → ∞.
⋆ After this paper appeared, the metric on the moduli space of these five-dimensional black
holes was obtained in [50].
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8. Concluding Remarks
One motivation for obtaining the moduli space metrics is to find the geodesics
and hence to study the scattering of solitons in the low velocity limit. We shall not
attempt to find all the geodesics in all cases, but rather limit ourselves to making
some general remarks in the cases with a = 1. The Lagrangian is given entirely by
the kinetic energy T which may be expressed as
T = T0 + Tn−2, (8.1)
where both terms are positive and quadratic in velocities. The first is independent
of the positions xi while the second is homogeneous of degree n− 2 in the position
variables.
The equations of motion are
d
dt
pi =
∂Tn−2
∂xi
, (8.2)
where pi are the canonical momenta. Taking the dot product with xi and summing
over i gives
d
dt
(∑
xi · pi
)
= 2T − (n− 2)Tn−2
= 2T0 + (4− n)Tn−2 ,
(8.3)
where we have used Euler’s theorem on homogeneous functions.
Now assume that there are bound geodesics, i.e. geodesics that are confined
inside a compact set for all time. A special case would be closed geodesics. We
can then average this equation over a large time to obtain a virial type relation:
2〈T0〉 = (n− 4)〈Tn−2〉 , (8.4)
where 〈 〉 denotes a time average. If n ≤ 4 we obtain an immediate contradiction
since the left hand side is positive while the right hand side is negative or zero.
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Thus if n = 3 or n = 4 there can be no bound geodesics for any number of solitons.
By contrast if n > 4 no contradiction results, merely a statement about the ratio
of the two contributions to the energy. Thus one might anticipate the existence
of bound geodesics if n > 4. In the case of two solitons it is easy to see that
there are (unstable) closed geodesics on the relative moduli space. This is because
the asymptotically flat outer infinity (for which |x1 − x2| → ∞ is separated by a
totally geodesic (n − 1)-sphere from the asymptotically conical infinity for which
|x1 − x2| → 0.
For more than two solitons it seems rather likely that one could rigorously
establish the existence of closed geodesics using the Benci-Giannoni theorem [51]
but we will not pursue this here. Geometrically it seems rather plausible that
every closed geodesic will be unstable. One approach to studying this might be to
examine the curvature of the metrics. It also seems rather likely that the geodesic
motion and scattering will exhibit some of the chaotic features encountered in the
closely related three-dimensional metrics studied in [53].
The classical moduli geometry of black holes may receive quantum corrections.
Some of these corrections are due to the short-distance renormalisation effects of
the associated effective theory. The cases that we have studied involve effective
theories with (4,4), (8,0) and (4,0) supersymmetries (in the two-dimensional sense).
The moduli geometries with (4,4) off-shell supersymmetry are protected against
quantum corrections because of the non-renormalisation theorem of [8]. In fact,
since these moduli geometries have constant complex structures, the Obata con-
nection vanishes and the superfield constraints can be solved exactly in terms of
prepotentials allowing for a manifest (4,4)-supersymmetric perturbation theory. So
the moduli metric of n = 4, a = 1 black holes and some of the probe metrics of
section 7 are expected to be exact in all orders of perturbation theory. The same
appears to apply for the moduli metric of n = 8, a = 1 black holes. Finally, the
probe metrics in section 7 with (4,0) supersymmetry may receive corrections. How-
ever these corrections are not due to ultra-violet divergences but rather to finite
local counterterms that are necessary for the cancellation of anomalies in extended
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supersymmetry transformations (for more details see [33]).
So far we have investigated the geometry on the moduli space of n = 4, a = 1
and n = 8, a = 1 black holes. The geometry of moduli space of the rest of the
a = 1 black holes is rather unclear. It is likely that in the Shiraishi description
of the moduli space of all 4 < n < 8, a = 1 black holes there are missing moduli.
This is in direct analogy to the missing moduli in the case of n = 3, a = 1 black
holes [23] (see also section 2). However, it is worth mentioning that all Shiraishi
metrics on the moduli space of a = 1 black holes can be constructed by taking the
quotient of the moduli space of n = 8, a = 1 black holes with a suitable group of
translations. To see this let us first consider the case of the relative moduli, M(ℓ)4 ,
of two n = ℓ, a = 1 black holes. It is clear that these moduli can be identified with
the quotient space N4/R8−ℓ, where N4 is the relative moduli space of two n = 8,
a = 1 black holes and R8−ℓ acts with translations on the first 8− ℓ coordinates of
N4. More generally the moduli space of k n = ℓ, a = 1 black holes, M(ℓ)4k , can be
identified with the quotient N4k/R(8−ℓ)k, where N4k is the relative moduli space
of k n = 8, a = 1 black holes.
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APPENDIX
A.1. Harmonic Forms
The quantization of point particle mechanics may involve differential forms.
Special interest is attached to L2 harmonic forms. For simplicity, consider the
relative moduli space of two solitons. By suitable rescalings the metric may be
brought to the form
ds2 =
(
1 +
1
rn−2
)
(dr2 + r2dΩ2n−1),
where dΩ2n−1 is the standard round metric on S
n−1. As noted in the previous
section, if n > 4 there is a totally geodesic (n− 1)-sphere located at that value of
r for which r2 + 1rn−4 is least. This suggest that if n > 4 there is an associated
harmonic form (n− 1)-form equal to the volume form ηn−1 on Sn−1. As we shall
now show, this is indeed true and moreover the form is in L2. Obviously ηn−1 is
closed:
dηn−1 = 0.
The Hodge dual form is given by
⋆ηn−1 = f(r)dr
for some function f(r) whose precise form we don’t need. Evidently ηn−1 is co-
closed and therefore harmonic. The L2 norm of ηn−1 depends on the finiteness of
the radial integral
∞∫
0
dr
rn−1
(1 +
1
rn−2
)−(
n
2
−1).
The integral is convergent at infinity as long as n > 3 For small r the integrand
goes like r
1
2
(n2−6n+6). Thus as long as n > 4, ηn−1 is indeed an L2 harmonic form.
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A.2. Harmonic Spinors
A similar analysis, but now with a negative result, may be given for L2 har-
monic spinors. We use the conformal invariance of the massless Dirac equation. If
ψ0 is a solution of the massless Dirac equation in the flat metric
ds = dr2 + r2dΩ2n−1
then
ψ = H−
n−1
4 ψ0
is a solution on the conformally-rescaled metric
ds = H
(
dr2 + r2dΩ2n−1
)
.
The L2 norm of ψ depends on the radial integral:
∞∫
0
drrn−1H
1
2 ψ¯0ψ0.
This becomes
∞∫
0
drrn−1(1 +
1
rn−2
)
1
2 ψ¯0ψ0.
To obtain convergence at the upper end we must choose ψ0 to decay at large r. It
follows that ψ0 must be a linear combination of terms of the form
1
rl+n−1
χl
where l = 0, 1, . . . and χl is an appropriate spinor harmonic on S
n−1 [52]. The
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spinor field ψ will be in L2 if
1
r2l+2n−2
r
n
2
is integrable as r → 0. This requires:
2l +
3
2
n− 2 < 1
which can never be satisfied for any n. Given that one cannot find an L2 harmonic
spinor on the relative moduli space of two solitons it seems rather unlikely that one
can find one on the higher dimensional moduli spaces but we have no general proof.
Actually the previous result about the relative moduli space of two solitons may
be obtained more simply by invoking Lichnerowicz’s well known result concerning
harmonic spinors on spaces with non-negative Ricci scalar in the cases n = 4 and
n = 5. The point is that since the function H is harmonic, the Ricci scalar R of
the relative moduli space is given by
R = −(n− 1)(n− 6)
4
(∇H)2
H3
.
Thus if n = 4 or n = 5 the Ricci scalar is positive and Lichnerowicz’s argument
applies.
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